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Abstract. The Maxwell-Klein-Gordon system in temporal gauge is uncon¬ 
ditionally globally well-posed in energy space, especially uniqueness holds in 
the natural solution space. This improves earlier results where uniqueness 
was only shown in a suitable subspace. It is also locally well-posed for large 
data below energy space. 


1. Introduction and main results 
Consider the Maxwell-Klein-Gordon equations 

= Im{(j)Dp(j)) (1) 

= 0 ( 2 ) 

in Minkowski space with metric diag{—\, 1,1,1). Greek indices run 

over {0,1, 2, 3}, Latin indices over {1, 2, 3}, and the usual summation convention 
is used. Here 

>•]&, Fap = daAp — dpA^ , = d^ — iA^ . 

A^ are the gauge potentials, F^i, is the curvature. We use the notation 9^ = 
where we write {x^, , x^) = {t, x^, x"^, x^) and also do = dt- 

Setting 9 = 0 in o we obtain the Gauss-law constraint 

d^Fjo = Im[(j)Do(j )). (3) 

The energy conservation law reads as follows: 

3 3 3 

i=l p=0 

The system (HD,© is invariant under the gauge transformations 

Afi —>■ A'^ = Af^ F dfiX ^ 4’ ^ D'^ = 9 ^ — iA'^ ■ 

This allows to impose an additional gauge condition. We exclusively consider the 
temporal gauge 

klo = 0. (5) 
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Under this gauge the system 0,0 is given by 

dtd^Aj = -Im{(j)dt(l)) ( 6 ) 

DAj — dj{d^Ak) = Im{(j)dj(f) + iAj\4>\‘^) (7) 

a(l) = i{d'^Ak)(l) + 2iA'^dk(l> + A'^Ak(l). ( 8 ) 

Other choices of the gauge are the Coulomb gauge condition d^Aj = 0 and the 


Lorenz gauge condition A^ = 0. The classical Maxwell-Klein-Gordon system has 
been studied by Klainerman and Machedon |KM] where the existence of global so¬ 
lutions for data in energy space and above in Coulomb gauge was shown. Unique¬ 
ness in a suitable subspace was also shown. For the temporal gauge they also 
showed a similar result by using a suitable gauge transformation applied to the 
solution constructed in Coulomb gauge. They made use of a null structure for the 
main bilinear term to achieve this result. Global well-posedness below energy space 
was shown by Keel, Roy and Tao [KRT] and local well-posedness almost down to 
the critical regularity with respect to scaling by Machedon and Sterbenz |MS| . The 
problem in Lorenz gauge was considered by Selberg and Tesfahun [ST], who de¬ 
tected a null structure also in this case, and proved global well-posedness in energy 
space, especially also unconditional uniqueness in this space. Local well-posedness 
below energy space in Bourgain-Klainerman-Machedon spaces of X®’^-type was 
shown by the author [P] . 

The problem in temporal gauge was treated by Yuan m directly in X^’^- 
spaces. He stated local well-posedness in X®’*'-spaces for large data below energy 
norm, where he just referred to the estimates given for Tao’s small data local 
well-posedness results m in the Yang-Mills case. As a consequence he proved 
existence of a global solution in energy space and also uniqueness in subspaces of 
A®’^-type. Unconditional uniqueness in the natural solution spaces remained open. 

We prove unconditional global well-posedness in energy space and above in 
the temporal gauge (Theorem 11.111 . We make use of Tao’s estimates m and 
Yuan’s result m . We first detail Yuan’s proof of the local existence and uniqueness 
result for data below energy space. Yuan combined this with energy conservation 
to achieve the global well-posedness result in A®’^-spaces iTheorem 12.111 . In the 
second part we therefore concentrate on the unconditional uniqueness result in the 
natural solution spaces. We show that any finite energy solution belongs to those 
spaces of A®’^-type below energy norm where uniqueness was shown in the step 
before (Proposition [50. Of course we also need the null structure of some of the 
nonlinearities, the bilinear estimates for wave-Sobolev spaces by d’Ancona, 

Foschi and Selberg [AFS] . and Tao’s hybrid estimates [Tl] for the product of 
functions in wave-Sobolev spaces and in product Sobolev spaces (cf. 

the definition of the spaces below). 

Our main result is the following: 

Theorem 1.1. Assume s > 1. For j = 1,2,3 let Uj € , a' S 

4>o € i7®(M^) , (pi & be given satisfying d^a'j = —Im{popi) . The 

Maxwell-Klein-Gordon system (Qj),0) under the temporal gauge condition Ag = 0 
has an (unconditionally) unique global solution 

p G C°{R,H^(R^))r]C\R,H^-\R^)), Aj G C°(R,H%R^)) nC'^{R,H^-^{R^)) 

( 9 ) 

satisfying the initial conditions 


p(0) = Pq , dtp{0) = pi , Aj(0) = aj dtAj{t)) = a). 


( 10 ) 
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Remark: It is very likely that a similar unconditional local well-posedness result 
holds even below energy norm, i.e. for s less than but close enough to 1, because 
there is some space in most of the estimates, but we do not persue this further. 

We denote the Fourier transform with respect to space and time and with re¬ 
spect to space by^and T, respectively. The operator | V|“ is defined by (| V|“/)(f) = 
|^|“(J^/)(^) and similarly (V)“. □ = i9^ — A is the d’Alembert operator. The inho¬ 
mogeneous Sobolev spaces are denoted by H^’^. For p = 2 we. simply denote them 
by iJ®. We repeatedly use the Sobolev embeddings C for 1 < p < g < oo 
and i > i - f. 

a+ := a + e for a sufficiently small e > 0 , so that a < a-|- < a -I- -|- , and similarly 
a -< a— < a , and {■) := (1 -I- | • . 

The standard spaces of Bourgain-Klainerman-Machedon type (which 
were already considered by M. Beals [B]) belonging to the half waves are the 
completion of the Schwarz space with respect to the norm 


Similarly we define the wave-Sobolev spaces X|®^|_|^| with norm 




I^I = ICI 




and also A®^g with norm 

hllx^4 = ll(Cr(r)'’R(r,e)||L?,. 

We also define A^’^[0,T] as the space of the restrictions of functions in to 
[0,T] X and similarly [0, T] and A®;fg[0,T]. We frequently use the esti¬ 

mates ||M||j 5 j.s,b < 


'A, 


for & < 0 and the reverse estimate for 6 > 0. 


UI = ISI 


2. Preparations and reformulation of the problem 
We decompose A = (Ai,A 2 ,A 3 ) into its divergence-free part and its 


curl-free part A'^^ : 

A = A^f + A^f, ( 11 ) 

where 

A'^^ = {—curl curl A , A’^^ =div A. (12) 

Let P = {—A)~^curl curl denote the projection operator onto the divergence free 
part. Then we obtain the equivalent system 

dtA^f = -(-A)-iV/m(0^) (13) 

nA‘^f = + iA\(j)\'^) (14) 

U(t> = i{d^Af)(t> + 2iAfd^(j) + 2iAfd^(j> + A^A^cj ), (15) 

where A is replaced by (HH). 

Klainerman and Machedon showed that and P{(j)X(j))k are null forms. 

An elementary calculation namely shows that 

2Afd^4> = g,j(<(), \V\-\WA^ - R^A^)) (16) 

P{(l)^)k = -2iR^X\-^Qkj{Re^,Imcj )), ( 17 ) 

where the null form Qij is defined by 

Qij{u,v) := diudjV — djudiV 

and the Riesz transform by Rj := |V|“^i9j. 
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For our further considerations it is also important that the gauge invariance 
allows to assume besides ([S]) the assumption 

A‘^f{0)=A‘^f{0,x) = 0. (18) 

One only has to choose 

x(a;) = (—A)“^(izz; A(0, a;). (19) 

This implies A'q = Aq = Q and 

A'=/(0) = A^/(0) + Vx = -(-A)-^VdwA(O) + (-A)-iVdzz;y4(0) =0. 
Defining 

4>± = ± i{y)~^dt(t>) 4) = (t>+ + (j)- , dt4> = *(V)(0+ - (j)-) 

Af = ± i{W)-^dtA’^f) ^ A’^f = A'f + A‘^1, dtA‘^^ = f(V)(y4)f - a5) 


we can rewrite (Il 3 l),(IIll),((l 5 l) as 

dtA'^f = -{-A)-^WIm{(fd^) ( 20 ) 

{idt±{y))Af = ±2-\V)-^{R.H.S.of ^ + A‘^^) ( 21 ) 

{idt ± (V))0± = ±2-\V)-^iR.H.S. of^ + 4>). (22) 

The initial data are transformed as follows: 

<^±(0) = ^(<^(0) ± z-i(V)-i9t<^(0)) (23) 

AfiQ) = i(A‘^/(0) ± i-^{V)-^dtA'^f [0). (24) 


Very recently the following theorem was claimed by Yuan m . We decided to 
give a more detailed proof of part 1 of it in the following. 

Theorem 2.1. 1. Let s > |. For j = 1,2,3 let aj € il®(]R^) , a' S 

(po € il®(R^) , (pi € il®“^(M^) be given satisfying 9^a' = —Im{popi) . Then there 

exists T > 0 such that (03^; UM) with initial conditions 

p{0) = po : dtp{0) = pi , A‘^^{0) = := {—A)~^curl curl a , 

dtA‘^-^{0) = := {—A)~^curl curl a', A^^(0) = := —{—A)~^Vdiva 

such that 

= 0 , (25) 

where a := ( 01 , 02 , 03 ) , o' := ( 01 , 02 , 0 ^, has a unique local solution such that 

P± e A±’^+[ 0 ,r], Af G A"’3+[0,T] , A^^f G Y";p+[ 0 ,r]. 

This solution satisfies p = p+ + p- G C^OO, T], il®) 0 C^{[0,T], , A = 

Af + A'^1 + A^f G C'°([o,r],iJ") nc'i([ 0 ,r],ij"-i). 

A //s > 1 one obtains after performing a gauge transform a solution of 
in temporal gauge Aq = 0 with 

p,Ae C°{[0,T],H%R^))nC^{[0,T],H^-\M.^)) 

without the assumption i25\) . which exists globally, i.e. T can be chosen arbitrarily. 

Fundamental for us are the following bilinear estimates in wave-Sobolev 
spaces which were proven by d’Ancona, Foschi and Selberg in the three-dimensional 
case n = 3 in [AFS] in a more general form which include many limit cases which 
we do not need. 
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Proposition 2.1. Let n = 3. The estimate 


IIUTII 

UI = ISI 


< 


|T|=iei '^|x|=i«i 


holds, provided the following conditions hold: 

1 


bo + bi+b 2 >- 
bo + bi > 0 
bo + b 2 > 0 
bi+b2 > 0 

So + si + S2 > 2 — (6o + + 62) 

3 

So + Si + S2 > 2 “ min(6o + bi,bo + 62,^1 + ^2) 
So + Si + S2 > 1 - min(6o, &i, ^2) 

So + Si + S 2 > 1 

3 


(so + bo) + 2 si + 2 s2 > 
2 so + (si + 61 ) + 2 s 2 > 
2 so + 2 si + (s 2 + ^ 2 ) > 


Si + S 2 > max(0, —bo) 

So + S 2 > max( 0 , —bi) 

So + Si > max( 0 , — 62 ) • 

We also need an immediate consequence of Strichartz’ estimate for the ho¬ 
mogeneous wave equation. 

Lemma 2.1. Assume 2<q<oo,2<r<oo with ^ ^ ^ < 1- Then 

^UI = ISI 

Proof: nST], Lemma 2.1). Interpolate the Strichartz’ type estimate (combine 
Theorem 1 with the transfer principle) 


. <iiivr-^ui 


X 


1^1 = 151 


for 0 < e < 1 with the trivial identity ||u||i 2^2 = ||u||^ 0,0 


□ 


|t| = ISI 


A very powerful nontrivial variant with L^L^-norms rather than L^-norms 
was detected by Tao (cf. |T1] . Prop. 4.1) (see also [KMBTj . appendix by D. 
Tataru): 

Lemma 2.2. The following estimate holds : 

< Ib/.ll 11 .. (26) 




\u\\ 1 1 

II " '2 


+ 

kl=kl 


Proof of Theorem \2. 1\ For part 2. which relies on the energy conservation law we 
refer to Yuan m and remark that although it was formulated by Yuan only for 
s = 1 it in fact holds for any s > 1 , because one notices that the special gauge 
transform (HU preserves also higher regularity. 

Proof of part 1: Using (HU),!!!!),®,®-®!) by standard arguments the local 
existence and uniqueness proof for large data is reduced to the following estimates: 

|||vri(<^iat<(> 2 )|L^.+i 1 + 2 .- < , (27) 


A, 


UI = ISI 


A, 


4+' 

|T|=iei 
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||Q.,(|vrViA2)IL^.-i,-i+- + lllvr'Q^,(AA2)IL,.-,,-i 


X 


l = IM 


X 


< hail »,i+. IIAI 


l = l€l 


A, 


(28) 


IIVA<^|| + ||AV<(.|| < lAII, 

^^\ = \i\ A| = |£| 


=ll</>ll 


X 


|t| = |?| 


11^1^2^311 s- 1 ,- 1 + 2 , 

A| = |5| 


3 

2=1 


min(||A||^.,| 


+ e , II A 

NISI 


I s+i,J+' 

■^T = 0 


)• 


(29) 


(30) 


We especially remark that in order to obtain a large data result we need on the left 
hand side A®’^-spaces with 6 = — i + 2e— and & = — |; + 2e instead of 6 = — ^ + e 
and b = —j + e, respectively. This can not be achieved for additional estimates 
which are needed in the Yang-Mills case. This is why one only obtains a small 
data result by this method in the paper by Tao m (cf. especially the footnote in 
the introduction of his paper), which nevertheless is fundamental for our proof. It 
is simple to adapt Tao’s proof in order to obtain (EH),® and dSO]). Therefore we 
concentrate on the proof of (Ell), where the time derivative requires a modification 
of it. Similarly as Tao we start with 
Claim 1: 


ll|v|-AAAA)ll 


< 


X, 


HA 


X, 


M' 




As usual the regularity of |V| ^ is harmless in three dimensions ([T], Cor. 8.2) 
and it can be replaced by (V)~^. Taking care of the time derivative we reduce to 


UiU2U3dxdt\ <|AiH .+ i-e,i+L|u 2 ||, 
X-n ^ 


--n -n 


which follows from Sobolev’s multiplication rule. 

Claim 2: 


1-1 


(A A A) II, 


H|V|-^(AAA)H, 


<IIAH, 


ni=isi 


U' 


2 || s + i-e,l+ 2 e-S 


for 0 < 5 -C e. 

a. If (j) is supported in ||t| — L|| > L| we remark that 


H(()H ^ 

^=0 kl = l«l 


so that claim 2 follows from claim 1. 
b. It remains to show 


y J {uvtw + uvwt)dxdt\ 


< IAILi-.A-2.+LklL..j+e ILIL. 

'^kNiei 


whenever w is supported in ||r| — L|| <C L|. This is equivalent to 


li^l,^2,^3,Tl,T2,T3)Y[ui{^i,Ti)d^dT < | 


Ui 11/^2 


where d^ = d^id^ 2 d ^3 , dr = dridr 2 dr 3 and * denotes integration over X)i=i = 
Ti = 0. The Fourier transforms are nonnegative without loss of generality. 

Here 

(I'r2| + k3|)X||r3|-|;3ll«k3| 


(a)t-«(ri)A2^+^(e2)^+i-(r2)H2-^(e3)AiT-3i - iad^ 
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Since (T 3 ) ^ (^ 3 ) and ti + T 2 + r 3 = 0 we have 
k 2 | + |t 3| < {n)5-2^+^(r2)H2-^ + 

(31) 

SO that concerning the first term on the right hand side of ( 1511 ) we have to show 


uvwdxdt\ < ||m|| 3 _,,o|z;|| +i_,,o| 

A^_n A^_n 


X 


1^1 = 151 


which easily follows from Sobolev’s multiplication rule. 

Concerning the second term on the right hand side of eiD we use (^ 1 )® 4 < 
(^ 2 )®”^ + (^ 3 )*”*, so that we reduce to 


\J J uvwdxdt] <\\u\\i^2i^2\\v\\^_ 


'i{2€ — 6) J^fy 


' J. l+4(2€-d) J2 

J-'X d-Jj. 


< (ll'*^ll l-«,l+2e-« IIR^II s_. 1 _2e + 5, J + e + Ill'll a+l_e, l+2e-S Ill’ll 1 _2e + 5,| + e) , 

" 2‘x=o -^|t|=|{| ^|x|=iei 

where we used Sobolev and interpolated between (ESI) and the trivial identity 
II^IIl^l'' = ll'*^llx°’“ obtain 


1^1 = 151 


ll?/;!! 4 < ll?/)!! 1 o. , r 1 , . 

II II l+4(2e-i') ,2 " IIj^3-2'+'5.^ + 


Concerning the last term on the right hand side of ED we can similarly reduce to 
I JI nnicdxdtl <||n||^^^^^||u||i4i2||u;||^^^^_^^ 


< 


||i;||t^i-.,o||w|| i+ 2 .- 3 , 34 -. + Ill'll 


Ill'll l+2e-3,|+.;, 
UI = ISI 


where we interpolated between (I26|) and Strichartz’ estimate ||u||l 4^4 < ||m|| 1 , 1 +, 

^U| 0 |£| 

which gives 


< 


Claim 2 is now proven. 

We now come to the proof of ED- 
If (j) is supported in ||t| — |^|| > |^| we obtain 


X 


i+2e-3,i + 
UI = RI 


Ikll 


< 


ll</>ll ..I+.-3 

|T|=iei 


which implies that ED follows from claim 2 , if (/>i or (j }2 have this support property. 
So we may assume that both functions are supported in | |r| —1^| | <C |^|. This means 
that it suffices to show 

„ 33 

/ R7(^i,^2,6,Ti,r2,r3) ’ 


2=1 


2=1 


where 


m = 


l^3|X||r2|-|{2||«|{2|X||r3|-|C3ll«|{3l 


(a)«-Mn).- 2 ^( 6 )®(|r 2 | - |6l)^+^(e3)®(|T3| - I 6 l)«+^ 
Since (T 3 ) ^ (^ 3 ) , (T 2 ) (^ 2 ) and n + r 2 + T 3 = 0 we have 

k3i < (Ti)^-'^(e3)^+"^ + 

The first term on the right hand side is treated by Prop. [HT] which gives 


uvwdxdtl < ||m|| 


" ’ 4 ' ■’ •• Y" 

ui=iei ui=isi 


s-i-2e,J+e 


( 32 ) 
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for s > I and e > 0 sufficiently small. In order to treat the second term on the 
right hand side we use We have to show 


uvwdxdt\ 


(33) 


< 


I W|| 0 , 1 -2e (Ill’ll l+2e, J+e 

^=0 ''ix|=iei 




j+e 

KI = ISI 


||n|| ._i+ 2 .,j+Jkl|i- 2 ..f+J. 

■^|t| = ISI |t| = I£I 


This follows from 
uvwdxdt\ 


< 


LIL^ 


h\\nLiL^Am\ 


2 + kt 


LIL] 


1 fy 


which we now prove. By Sobolev we namely have 

\\u\\ 1 +h|| 1 < ||w|| „l ,, 

LiLj^ LIl7^ 




i + Via 


and by 


WvhiL^ < Ikl 


1 im 
v 4'2^ 
"^|t| = K| 


We obtain by interpolation between (1^ and Strichartz’ estimate ||w|1^4j;,4 < 
11^11 with interpolation parameter 0 = 1 — 8e the estimate 

^l^l = l£l 


< 


< 


LiL? 


A, 


|T|=iei 


A 


|t=I£I 


for s > I and e > 0 sufficiently small. Next we interpolate between (PI and the 
estimate 


\v L^Lr = m LrLZ 


< 


Ikll a + 


< 


Kl = l£l 


with interpolation parameter 9 = 1 —12e and obtain for s > | and e > 0 sufficiently 
small 


ll^ll v42. 


-12e T l-12e 


< ||?;|| l+i5e + .i+ < ||?;|| ._1+2..1+ • 

'^|t||£| ''|x| = |£| 


Interpolation between Strichartz’ estimate and the trivial identity 11^11^2 ^,2 = 

wjl 1 , 1 + . Finally interpolating this again with 


1^11 , gives llwll ^ 

ICI I I J-j 2; f- 


< 


|t| = I£I 


(ES with interpolation parameter 0 = 1 — 16e we arrive at 

" " _ < Ikll 




1 + 12 € 


Pl = l£l 


Summarizing all these results we obtain (1331) . 


□ 


For the existence part of Theorem 1 1. II we rely on this result. We remark that 
any solution of (l.I),(1.2) in temporal gauge Aq = 0 with <j),A€ (7°([0, T], i?i) fl 
(71 ([0, T],L^) is via a gauge transformation equivalent to a solution of (fT^ . dm) and 
(ESI, which fulfills = 0, with the same regularity. Using also the uniqueness 

in the spaces of 7f'’7_type which appear in Theorem 12.11 we easily see that our 
Theorem 1 1. II is a direct consequence of the following Proposition. 

Proposition 2.2. LetT > 0. Assume {4>, A'^f, A'^^) is a solution of ITSD .JT^, 17311 
with initial conditions 

((>(0) = 4>o ^ = </>i € , 24‘^'^(0) = {—A)~^curl curl a G , 

dtA'^^{0) = {—A)~^curl curl a' € L'^ , = 0 

and 


cj) e C°{[0,T],H^)C\C^{[Q,T\,L^), A e ^“([O, T], P) n ^^([O, T], . 
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Then 


(l)± G x|+’' + [0,T], Af G x|+’^+[0,r], G xlto^^[0,T]. 


3. Proof of Prop. 12.21 

We use the equivalent system (I 20 l),(l 2 l|),(l 22 l) with initial conditions 
and A‘^^0) = 0. We drop [0,T] from spaces of the type 

Claim 1: A'^ G 

From (EU we obtain 

II .(0)11 . + iiwiL -1-1- + pi^ni 1 , . 


'H 3 


6 - 


6 - 


± 


1 1 


By Lemma 1 2.1 1 with r = 3 and <7 = 2+ we have 


. <ll|V|3u|| 

‘ ^ X, 


|T|=iei 


Hence by duality 

iiwii .- 1 - 1 - < iiwii < mLrL%m\\LrLiT^^<mi^HiT^^<^- 


Moreover 


Pl</>l^ 




.i,_|_<||H|<^ni _ .<||H|| |||<)>f 

- ° Ll Li Lf^Li L“Lx 

^ ll^lli?”!?! Il'/'ll r,°o < OO • 


L'THlWnLrHV 


The linear term is easily estimated by Ta || A||i=oj;^ 2 . 

Claim 2: (j>± G 
From (l2^ we obtain 


I|(/>±|| |, 5 __ < ||^!)±(0)|| 2 + ||dwH())|| 1,_1_ + p-V(/)|| 1,_1_ 

Because A and </> have the same regularity all the terms can be treated exactly as 
in claim 1 . 

Claim 3: Af G , (j,± G 

This follows by interpolation from (j)± G n 


l+,5 + 

r—0 


Claim 4: G X 

By (1201) and claim 3 we only have to prove (recalling H®^(0) = 0): 


1-1 




< 


X, 




v 5 ’2 

^kI = ICI 


(34) 


By[T], Cor. 8.2 we can replace the left hand side by ||<()i9t(/)||^o+,-i+ (the singularity 


of |V| ^ is harmless in three dimensions). (IMl) is equivalent to 
f ui(6xi) 17 - 21112 ( 6 x 2 ) m3(6x3)(6)°’^ 


(161 - |n|)2+(6)® (161 - 17-21) = +(6)® (7-3)6 


d^dr < J| I 


TIiIIl?, ) 


(35) 


where = d^id^ 2 d ^3 , dr = dridr 2 dr 3 and * denotes integration over X)i=i 6 = 
X)i=i Li = 0. The Fourier transforms are nonnegative without loss of generality. 
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Case 1: ( |^i| > |ti| or |ti| » |^i| ) and ( |^ 2 | > \t 2 \ or \t 2 \ > | 6 I )• 
We obtain by Sobolev’s multiplication rule 


vidtV2Vzdxdt 


< Ikill 1 + |+||atU 2 || 






< 




+ ±4-1^2 II ^2.+ i-P 
II ^ ^-1-. 9-r- 


a+,i+||u3|| o-,i- ■ 

—n 


Our frequency assumptions imply for j = 1 and j = 2: 

so that 

ll^iLt+.i+ - llolLf+,i+ ■ 

^=0 Pl = l£l 

This implies (IMl) (with |— replaced by |+ even). 

Case 2: |^ 2 | |t 2 | and (|^i| » |ti| or |^i| < |ti|). 

Using n + T 2 + Ta = 0 one easily checks 

kl| + k2| < (Tl)^+(r3)^“ + (ri)5-(^2)^^ + (t3)5“(^2)^’ 

We want to show 

||<(>l5t</'2|| o+,-l+ < ||(('l|| |-,i+||<^2|| |-,1+ , 

^t = Qi ^t = 0 ^|T| = |e| 


(36) 

(37) 


4 _ 1 , 
" V 5 ’ 2 ^ 

^-r = 0 


< 


which implies (l34|l by the estimate \\(j) 
to 

Ml(Cl,Ti) |r2|M2(6,'r2) M3(^3,T3)(^3)°+ 


llt/iill 4_,i+ ■ (1^ is equivalent 

^|x| = l£l 


*(n)= + (6)" (|?2 | - |t2|)2 + (C2) = 


h+l 


(t-s)"- 


d^dr <Y[\\u^\\l2^. (38) 


2=1 


Using (IHHll and (^ 3 )°''’ ^ (^ 1 )°''’ + (^ 2 )°''' we have to show the following three 
estimates: 


'CiU2W3(ia;dd < ||'Ci| 


4_,„||u 2|| 4_,l+||u3|lx«4 

W=o ^|x|=iei 

(39) 

|-,0+lk2|| 3-.i + |k3|| 04 - 

^-r = 0 "^|T| = |e| ^-r = 0 

(40) 

f-, 1 + 1^211 i-,i + |k3|lx°L“o ■ 

^T = 0 ^P| = |£| 

(41) 


(IMl) follows by the Sobolev multiplication rule, and (l40l) as follows by Lemma [2T2 

I J j < ||ui||^4i2+||u2||L4i2||?;3||^2i~- 

-II^ 2 ||,, 1 , 1 + 1^3 


< 


H" 


|t| = I£I 


lih/ 


< lluill |, 0 +||U 2 || 1,1+ IIU3II 0,1- • 

^T =0 ^|-r| = |C| ^T = 0 


Finally dUD follows from 

I J J < |kl||L4i=o||ll2||L4i2||u3||i2i2 


< ll^l|l^l^i+ll^2||^l,l+ 1^311^2^2 


|t| = |£| 


< 


Iklll 


3 1 

■^T = 0 


Jkll 


"^|t| = KI 


ll'Uslljj.o.o . 


Case 3: |^i| - |ti| and (|^ 2 | > |t 2 | or |^ 2 | < |t 2 |). 

This can be handled exactly as Case 2, because by (Ei) it is irrelevant which of 
the factors (j)i or (j )2 contains the time derivative. 
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Case 4: |^ 2 | \t 2 \ and |^i| ~ |ri|. 

In this case we use 

^21 < (t3 + < ((r3)5“ + ■ 


This reduces the desired estimate dSH) to the following two estimates: 


Wl(Cl,n) U2{^2,T2) ^ <-TT II II 

(161 - ki|)^ + (Ci)= (161 - k2|)= + {6)i« f=i 


(42) 


Mi( 6 ,n) 


M 2 ( 6 ,T' 2 ) 


m3 ( 6 ,^- 3 ) 


d^dr 


I* (161 - |n|)^+(6)*-(ri)o++ (161 - |t-2|)H(6)A- (t3)6 

;$nikii 6 .- 


(43) 


(HU) is a consequence of Proposition 12.11 with the choice sq = 6 = 0 , si = , 

S2 = , &i = 6 = 5 + - 

dMl) is proven using Lemma [221 as follows: 


J j uiU2U3da;dt| < ||ui||^4i2+|62||L4i2||v3|^2i~- 

< l6l|lL4ff0+lk2||L4L2||u3||^^^^i_ 

<II(9*)°V|| IksIL o,i- 




M >^11 

"^|t| = |?| ^t=0 


where ((9t)°+u)1(r, 6 := from which (H51) follows. 

Claim 5: Af £ 

Term 1: In view of (l2T]l . (flTll and claim 3 we have to prove: 


II |v|-ig.,(<).i, 02)11 


jf 


'■T+«' —■T + 


< 


116 



Using m. Corollary 8.2 and thereby ignoring the singularity of |V| ^ we can 
replace the left hand side by ||Qy(0i, 02 )|| - 5 +e,_i+ ■ Thus it suffices to give the 


following estimate: 


^{^l,^2,^3,Tl,T2,T3)Y[u^{^^,Ti)d^dT < | 


H\\Ll 


(44) 


where 


m = TO(6,6,6,n,T2,T3) 


_ 16 X 61 

(-ri ± |6l)^+(6)^" {-t2 ±' |6I)^’^(6)^" 


(-r3±"|6l)^-(6)5-^' 


We define Ni := {^i) and denote by N^ax , Nmed and N^in the largest, second 
largest and smallest of them. Using 6 + 6+6 = 0 we have N^ax ^ Nmed > N^in- 
In the following our main task is to give pointwise bounds for m, which allow 
an application of Prop. 12.11 

We apply [S], Lemma 2.1 to estimate the angle Z( 6 , 6 ) between two vectors 
6 and 6 and obtain the following bound for the cross product of these vectors. 
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Case a: (A^i = Nmax and N 2 = Nmin) or ( iVi = and N 2 = Nmax)- 
ICi X ^ 2 ! < |6ll6k(±Ci>±'6) 

< |, ||. / (-n±|ai)U(-r2±M6l)^ ^ (-r3±"|6|)^- \ 

< iV™a.A^L((| - ri ± ICil)^ + {{-T2 ±' 161)^) + N^a,Ni+n{-r3 ±" 

(45) 


Case b: Ni N 2 Nmax and N 3 = Nmin- 
By the simple observation 

16 X 61 = 16 X (6 +6)1 = 16 X 61 < I6ll6k(±6 A"6) 


we obtain the same bound as in case 1 . 

We consider several cases depending on which of the three terms on the right hand 
side of (051) is dominant, estimate m in each of these cases and apply Proposition 
l 2 . 1 l to deduce dSl). 

1. If the last term is dominant, we obtain 


m 


< 


NmaxN^^ 
^rnax-^ niin 


N^ "(kil - I6 I)"’^(|t-2 | - 161)"’ 


1 . 1 . In the case ^ N 2 

TO < — 


Nmax and N 3 = Nmin we obtain the bound 
1 I 


fVj" N^ " (Ini - I6I) = ’^(|t- 2 | - I6I)"’ 


1 . 2 . If A ^3 ~ A ^2 Nmax and Ni = Nmin (or similarly N 3 ~ Ni 
N 2 = Nmin) we obtain the bound 


N„ 


and 


7v/“ " (kil - I6l)= + (l'r2| - 161)" + 

2. If the first term is dominant (the case where the second term is dominant can 
be handled similarly), we obtain 


< 


NmaxN^^^ 


Ni Ni Ni " (^21 - 161)" + (kaI - 161) ^' 


2.1 If N 2 r^ N„ 


TO 


< 


and N 3 = N, 
I 


mm we have the bound 

I 


Ni Ni " (^ 2 ! - I6l)"+{k3l -161)“’ 


2 . 2 . If iV 2 - iV 3 - Nm. 

TO + 

2.3. If 7Vi ~ iV 3 ~ N„ 


and Ni = N, 
I 


mm we obtain 

I 


Ni° ^Ni° (|7-2| - I6I)"+(63| - 161)"’ 


TO 


< 


and N 2 = N, 
I 


mm this leads to the bound 

I 


N2o (Iral - | 6 |)= + (|r3| - 161)" 

In each of these cases an application of Prop. 12.11 leads to the desired estimate 
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Term 2: Moreover we have to give a bound for the cubic term ||y4|(/)p|| + 


By two applications of Prop. I2.1l we obtain 

|t| = I£I 


Ul = l£l 


|t| = I£I 




' v5 ' 2 ' 

|t| = I£I 


II i+2.,0 
|t| = I£I 


’2 


(46) 


l^l = l£l 


We also obtain 






|t| = |?| 






|T| = |e| 


< 


A., 


-Il^ll 


|t| = I£I 


(47) 


The first estimate holds by Sobolev and the second one by Prop. 12.11 Using claim 
3 and claim 4 we have proven claim 5. 

Claim 6: (j)± G 

This is the most difficult case. Several terms have to be estimated in view of (HSJ. 
Term 1: Using (TlBl) we first want to show 


X 


A 


which can be controlled by claim 3 and claim 5 , and a similar estimate for 
Qijif/), \V\~^R^A^^j). We have to give the following estimate: 

/ rn{^i,^2,^3,ri,T2,T3)ui{^i,Ti)u2{^2,T2)u3i^3,T3)d^dT snii“.iui.. («) 

«/ * •_T 


where 


klXC 2 l 

l?2| 


(-n ± |ei|)^+(Ci)^- (-^2 ±' |6I)^+(6)S+^ (-T3 ±" l6l)3-(6)^-^ 

By an application of [S], Lemma 2.1 we obtain as above: 

a. In the case Ni ^ N^ax and N 2 = Nmin the estimate (HH|) implies 

1^ I < ± |gl|)^ +((-T2±'|6l) = ) + ^^(-r3±"|^3|)4 . 


le 


Nl 


Nl 


(49) 


b. In the case = Nmin and N 2 N 3 ~ Nmax we similarly obtain the improved 
bound 


|gi X 61 
161 


< ± 161)* + ((-r 2 ±' 161)*) + Nlt{-r3 ±" 161) 


(50) 


c. In the case Ni ^ N 2 ^ Nmax and N 3 = Nmin we obtain 


16 X 61 _ 16 X (6 + 6)1 
161 161 


^i^z(± 6 ,±" 6 ) ~ | 6 k(± 6 ,±" 6 ), 


which implies the same bound as in case b. 

We obtain the following bounds for m depending on which of the terms on 
the right hand side of and (ISOl) is dominant. 

1. If the last term is dominant we obtain 
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1.1. If Nir^Nar^ Nm 

m < 

1.2 If iVi ^ iV 2 - Nm, 
m < 


and N 2 = Nmin we have 
1 1 


iV^"axiV^tr ^1^21 - hD^+dCil - In 1)5+ 


and iVs = Nmin we obtain 
1 I 


N^^at" ivn„ (161 - |t2|)5+(|6I - |n|) = + 

1.3 If N 2 ^ N 3 ^ Nmax and iVi = Nmin we obtain the bound 
m < 


1 


I 


N^n^axNZn “ InD^+dCll " |ti|)5 + 


2. If the first term is dominant we get 

1 Nm.aj 


< 


nI N^^^'n} (161 - Ini)"+(161 - Inl)^’ 


2 . 1 . If iVi — -- Nmax and N 2 = Nmin we get 

1 1 


m 


< 


2.2. If 7Vi ~ iV2 ~ N„ 


m 


< 


Ni^axN^tn (I^ 2 | - In|)^+d6l - Inl)^- 

ax and N 3 = Nmin we obtain 

1 I 


N^°aV NN^ (161 - In|)3+d6l - ln|)2- 

2.3 If N 2 ^ N 3 Nmax and 7Vi = Nmin we use ([10]) to obtain 


< 


4_ 3, 1 

iV/ iV2^ A^a" 


-Af’ 


'd6|-|n|)^+d6|-|n|)^ 


< 


^ A^mtr A^d.m ( 1 ^ 2 1 - Ini)4+(161 - In 1)3- 

3. If the second term is dominant we estimate as follows: 

1 Nm.ax 1 


< 


^ N^ N^^'n^ Af^„ (161 - ln|)5+(|6l - Inl)^’ 

3 . 1 . If A^I -- A^a Nmax and N 2 = Nmm we get 

1 1 


m 


< 


NA^axN^tn (l^ll " l+ll)"^(l6l - ln|)3- 


3.2. If Ni 


N 2 Nrr. 
m < 


and A'a = Nmin we obtain 

1 I 


N^°aV NN^ (161 - ln|)5+(|6l - ln|) 2 - 

2.3 If N 2 N 3 ^ Nmax and Ni = Nmin we get 

1 I 


m 


< 


N^axN^°,^ (161 - ln|)5+(|6l - ln|)3' 


In each of these cases an application of Prop. 12.11 leads to the desired estimate 

(SHI). 

Term 2: Next we want to give similar estimates for the terms containing A‘^f. 
For Qij{(j), |V|“^i?M;(^) and Qij{(j), |V|“^i?'^6®j) we no longer rely on the null 
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structure so that it behaves like di(j)A'^^. They are treated together with the terms 
and diA^^cj). We want to prove for e > 0: 


\\Afd, 


^|T| = 


l€l 


|t| = ISI 


< 


P' 


c/| 


i + ,i+ll<?^ll f-,i + 

^=0 |t| = ISI 


which in view of claim 3 and claim 4 is more than enough (we could allow the 

_ i_^_ 

X| |‘L|^| ^ -norm on the left hand side). These estimates would follow if we prove 


3 

m{^l,^2,^3,ri,T2,T3)ui{^l,Ti)u2i^2,T2)u3i^3,T3)d^dT < P[ ||Ui||i2^ , 


where 


(ei)^+^(6)P{|r2| - I6l)^+(e3)i+(r3)p ■ 

The following argument is closely related to the proof of a similar estimate in m- 
Case 1: l^al < |Ci| (=^ IC 2 I + |6P ICil due to Ci + 6 + 6 = 0.) This implies 


^(6)^-(|r2|-|6l)P(6)^+(r3)P' 

By two applications of the averaging principle (ID, Prop. 5.1) we may replace m 
by 

/ _ (Cl)^ X||t 2| —|^2|folX|r3|^l 

■ 

Let now T 2 be restricted to the region T 2 = T + 0(1) for some integer T. Then ti 
is restricted to ti = —T + 0(1), because n + T2 + T3 = 0, and ^2 is restricted to 
I'f2| = \T\ + 0(1). The Ti-regions are essentially disjoint for T € Z and similarly 
the r2-regions. Thus by Schur’s test Lemma 3.11) we only have to show 


sup 

Tez 


(€l) ^ pTi = -T+0(l)XT2=T+0(l)X|r3 + lX |;2 + |r|+0(l) 

3 

• Ui{^i,Ti)u2{C2,T2)u3{^3,T3)d^dT < ||Ui||L2^ . 


The r-behaviour of the integral is now trivial, thus we reduce to 


sup 

T 




"i* (6,6,6 T) /i (Cl) /2 (6) /2 (6 )de < n 


2=1 


WMli 


with 


m* (6,6,6,0 = 


(6 


X|«2| = |T|+0(1) 


(0*-(6) 


1 + 


It only remains to consider the following two cases: 
Case 1.1: |^i| ^ |^3| > T. We obtain in this case 


m*(6,6,6,0 < 


Xk2fo|T|+0(l) 

{ry+e- 
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Now we estimate as follows 
1 f 


X|C2|=T+0(l)/l(6)/2(6)/3(6)rfC 


(rpy+e- ll/llUHI/3lUHI-^~^(X|{|=r+0(l)/2)||L°°(R3) 


< 


< 


(rpy+e- ll/llUHI/3|UHIX|g|=r+0(l)72||Li(K^) ^ l^TY+t- n -II 11'^’ 
Case 1.2: |^i| — T > j^aj. We get 

w*(Ci,^2,C3,E) 

An elementary calculation shows that 




< >^IC2| = |T|+0(1) 


(6) 


1 + 


/ /l(6).^(6)X|e2|=T+0(l).^(C3)(C3) ^ 

'ELi«i=o 

3 3 

< iixi€i=T+o(i) * (0-^-iiio.(«3) n mui < n m\Li 

2=1 2=1 


SO that the desired estimate follows. 
Case 2: |^i| < IC2I => |6I + 161 ^ 161- 
Arguing as in case 1 we obtain 




(6)"^X|;2l=|r|+o(i) 

(6)^+66)i+ 


Case 2.1: (^3) < (fi). This implies (^1) > T, because |^2| ^ T and |^2| ~ |6I- We 
obtain the same bound for m* as in case 1.2. 

Case 2.2: (^1) < (^3). Thus (^3) > T and we obtain 


m*(6,6,6 ,T)< 


(6)^''~X|^2|=r+o(i) 


< 


+e 


X|g2|=T+0(l) 

(0^-(6)i+ ■ 


In the same way as in case 1.2 we obtain the desired estimate. 
Term 3: Finally we have to consider the cubic terms in (TTSl) . 

1. We obtain as in (HHll the estimate 


\\A‘^f (j)\\ 


Kl=l«l 




kl=kl 


Ikll 


A 


|t| = I«I 


2. As in (gzl) we obtain 




< P' 


c/| 


KI = ISI 






-UW 


|t| = ISI 


a:, 


|t| = I£I 


3. By Sobolev’s and Strichartz’ estimates (Lemma [2Tj we obtain 




Kl 


■ + ,- 
= l£l 


< 


< 




iLfLl 


IP' 


c /,|2 ^ 


Pll 


< 


LfH^ 


IP' 


^/||2 
X. 


3 Pll 3 1 , 
-8 " ^ " V 4 ’ 2 ^ 

•=0 ^|t| = |€| 


Using claim 3 und claim 4 we complete the proof of claim 6 and of Prop. 12.21 As 
explained in section 2 this also proves Theorem ll.il 
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